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In this work, we employ a Hamiltonian-based procedure to derive a generalized Nosé barostat, which generates trajectories
that rigorously satisfy the statistical mechanical isobaric—isothermal (NpT) ensemble. This generalized algorithm, unlike
Nosé’s original NpT algorithm, maintains rigor in the presence of (i) a non-zero system momentum and (ii) non-negligible
external forces. The generalized algorithm reduces to the conventional Nosé NpT algorithm when neither condition is
satisfied. The key element of the generalized algorithm is that the thermostat and barostat are applied only to those degrees of
freedom that contribute to the temperature and pressure, which excludes, e.g. the total system momentum. We show that the
generalized algorithm satisfies the two criteria for rigor (Hamiltonian and non-Hamiltonian) that exist in the literature.
Finally, we provide some numerical examples demonstrating the success of the generalized algorithm.
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1. Introduction

One of the most common algorithms for equilibrium
molecular dynamics (EMD) simulation in the canonical
(NVT) ensemble is known as the Nosé-Hoover thermostat,
which introduces a time-dilation variable in an extended
system [1,2]. This thermostat has been successfully used
in thousands of published reports of EMD and non-
equilibrium molecular dynamics (NEMD) simulations. It
is also known that the Nosé-Hoover thermostat does not
rigorously generate trajectories in the NVT ensemble in
the presence of either (i) a non-zero total system
momentum or (ii) non-negligible external forces [3].
Recently, Keffer et al. have presented a generalized NVT
algorithm, which maintains rigor if either or both of these
constraints is violated [4,5]. This generalized NVT
algorithm is very practical since, in many modern
simulations, a material is simulated in the presence of an
external force. For example, the simulation of a fluid
adsorbed in a nanoporous material typically involves
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dynamic fluid molecules in the presence of a static
adsorbent framework, which imposes an external force on
the fluid—see, e.g. [6].

Nosé also derived an NpT algorithm, in which he
introduced a space dilation variable. This new variable
acts as a barostat [7]. This algorithm again rigorously
generates trajectories in the NpT ensemble only if the two
conditions above are met. In this work, we generalize
Nosé’s NpT algorithm to maintain rigor in the presence of
either or both (i) a non-zero total system momentum or (ii)
non-negligible external forces.

We are aided in this derivation by the development of a
Hamiltonian-based procedure for generating EMD and
NEMD algorithms. Many MD algorithms exist today,
which do not have a Hamiltonian. Certainly, it is possible
to generate a rigorous algorithm without a Hamiltonian.
One of the historical examples is the SLLOD algorithm of
Evans and Morris, which has been rigorously shown to
model shear flow in NEMD systems, but which does not
have a Hamiltonian in the general case [8,9]. However, we
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feel that there is an advantage in a procedure that
does begin with a Hamiltonian because it provides a
direct link between well-known continuum mechanics
and the molecular-level mechanics of the simulation.
An example of the value of this Hamiltonian-based
procedure already exists: the development of proper-
SLLOD, which extends the rigor of the SLLOD algorithm
from shear flows to arbitrary, homogeneous flows [10,11].
This work demonstrates that the existence of a methodical
procedure can be useful in generating a rigorous NpT
algorithm.

The remainder of the paper is organized as follows.
In Section 2, we apply our procedure to develop a
generalized NpT algorithm. We prove that this algorithm
is rigorous in a statistical mechanical sense using the two
criteria that exist in the literature, namely the Hamil-
tonian-based criterion of Nosé [1] and the non-
Hamiltonian criterion of Tuckerman et al. [12,13]. In
Section 3, we present a numerical example that clearly
demonstrates the rigor of the new algorithm. In Section 4,
we provide a brief discussion of the relationship of this
NpT algorithm to other NpT algorithms in the literature. In
Section 5, we present our conclusions.

2. The generalized NpT EMD algorithm

In discussing NpT algorithms, it is important to recognize
that there are several applicable manners of classification.
First, there are algorithms that allow isotropic fluctuations
of the system volume [7], which are appropriate for
equilibrium MD simulations of fluids, and there are “fully
flexible” algorithms that allow for arbitrary changes in the
size and shape of the simulation volume [14], which are
appropriate for simulation of solid materials. However, in
general, any approach can be modified to work for either
isotropic or fully flexible systems—see, e.g. [15,16].
Second, NpT algorithms can be categorized based on
whether they use the atomic [2,7,15,16] or molecular [17]
formulation of the virial contribution to the pressure.
Third, NpT algorithms can be categorized as to whether
they account for holonomic constraints [17] or not [7] (e.g.
whether bonds are fixed or flexible). Again, any given
algorithm can, in general, be modified to simulate properly
rigid or flexible molecules—see, e.g. [15]. In this paper,
we focus on an NpT algorithm allowing isotropic
fluctuations of flexible molecules using the atomic virial.

To derive the rigorous and generalized NpT algorithm,
we follow the same 6-step procedure that was used to
generalize the NVT algorithm [4,5]. The steps are as
follows:

1. Define the Hamiltonian in terms of the peculiar and
Center-of-Mass (COM) coordinates in the time- and
space-dilated frame of reference.

2. Express the Hamiltonian in terms of the laboratory
coordinates in the time- and space-dilated frame of
reference.

3. Derive the equations of motion in terms of the
laboratory coordinates in the time- and space-dilated
frame of reference, relying on the symplectic
relationship between the Hamiltonian and the
equations of motion in the frame of reference.

4. Identify a non-symplectic transformation from the
peculiar and COM coordinates in the time-dilated
frame of reference to the peculiar and COM
coordinates in the physical frame of reference.

5. Express the equations of motion for the peculiar and
COM coordinates in the physical frame of reference.

6. Prove that the resulting equations of motion rigorously
generate trajectories in the appropriate ensemble.

To begin, we label the laboratory position and
momentum of particle i in dimension «, respectively, as
., and p! . The prime indicates that these variables refer
to the dilated frame of reference. The mass of particle i is
labeled m!. The peculiar position, p! , and momentum,
! ., are defined with respect to the COM position and

COM momentum,

Pro =Tia — Ry (2.1a)
Tiw Pia P
e Y (2.1b)

where the COM momentum, P, , is

N
Po=>"pl, (2.2a)
i—1
the COM position, 1R/, is
N /.0
. om.r'
R/ = Zz—l [ N (22b)
(03 M/
and the total mass of the system, M’, is
N
M= "m (2.2¢)

i=1

As aresult of the definitions in equations (2.1) and (2.2),
it is clear that the following constraints apply to the
peculiar position and momentum:

N
Z 7, =0 (2.3a)

N
> nilg =0 (2.3b)

In other words, only N — 1 of the particles have
independent degrees of freedom.

The first step of the procedure is to write the
Hamiltonian in terms of the peculiar and COM
coordinates. This is useful because, in the these
coordinates, it becomes clear where the time- and space-
dilation variables should appear. We then insert the time-
and space-dilation variables only in the peculiar
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coordinates. The Hamiltonian is

P,
H;\TPT 222 2/2 22

- p},a/a) + Uext(p§7a/aaRiy)

+ Uint(paa/a

P}
ZQ/,oz

2Q‘pg+¢%BTwAn@o+-§:

3
+pedVo [ [ e 24)

a=1

where s is the time-dilation variable, £ or /, is space-
dilation variable in direction «, pg is the momentum of
the time-dilation variable, p,, is the momentum of the
space-dilation variable in the « direction, Q; is
the inertial mass of the time-dilation variable, Q, , is
the inertial mass of the space-dilation variable in the «
direction, f is the number of degrees of freedom in the
system, kg is Boltzmann’s constant, T, is the set
temperature and py is the set pressure. The potential
energy due to internal interactions, Uy, is typically only
a function of the peculiar positions. The potential energy
due to external interactions, U, is typically a function
of both the peculiar and COM positions. The variable,
Vo, 1s an arbitrary reference volume, which will not
appear in the equations of motion, but relates the
volume in the laboratory frame of reference to the
volume in the time- and space-dilated frame of reference
through

3
V() = VOH Lo (2.5)
a=1

The Hamiltonian has eight terms that represent, from
left to right, the peculiar kinetic energy, the COM kinetic
energy, the internal potential energy, the external potential
energy, the kinetic energy of the time-dilation variable, the
potential energy of the time-dilation variable, the kinetic
energy of the space-dilation variable and the potential
energy of the space-dilation variable. Also note that the
intermolecular/intramolecular potential energy is not
assumed to have an explicit volume dependence to
account for the fact that commonly employed long-range
mean-field corrections to the potential energy are
functions of density, which changes with time in the
NpT ensemble. This approximation can be applied at any
point in the derivation, so we can wait to apply it until after
the equations of motion have been derived. We also note
that we have chosen to work in terms of three space-
dilation variables, instead of one volume-dilation variable,
so that we recognize the analogy between the space- and
time-dilation variables.

It is again crucial to note that only the peculiar
coordinates are scaled by the time- and space-dilation
variables. The temperature of this system will be defined

using the equipartition theorem. The velocity that appears
in the equipartition theorem must be the peculiar velocity.
In other words, the time-dilation variable is our thermostat
and must act on the kinetic energy that corresponds to the
temperature of the system. Since COM kinetic energy
does not change the temperature of the system, it should
not be thermostatted. Similarly, when we impose the
space-dilation variable, it must act solely on the peculiar
position and momentum, because it is the peculiar
properties that are used to define the pressure. Since the
COM coordinates should not change the pressure of our
system, they should not be influenced by the barostat. This
is the fundamental difference between Nosé’s original
NpT algorithm and this generalized algorithm. In Nosé’s
original algorithm, the laboratory positions and momenta
were thermostatted and barostatted. As a result, the
original algorithm is only valid in the absence of any COM
motion or any external forces that might cause COM
motion.

The second step of the procedure is to rewrite the
Hamiltonian in terms of the laboratory coordinates. This is
necessary because the symplectic relationship between the
Hamiltonian and the equations of motion exists in the
laboratory coordinates. Thus, we can write the Hamil-
tonian as

2
Taa i ()
H, : +

/2

X ﬁ + Uint(p;yafa - P;-,C/a)

1
Uext(V; /o — R/ R,
+ t(rL 9 ) + 2Qs

3 2
- Pra

+ fhkgTset In(s) + :
f B4 set EZQ/,Q

3
+peVo [ Za (2.6)
a=1

In this equation, we understand that the COM properties
are explicit functions of the laboratory coordinates, as
given in equation (2.2).

The third step of the procedure is to derive the
equations of motion for the laboratory coordinates and
dilation variables in the dilated frame of reference. This
is straightforward due to the symplectic nature of the
Hamiltonian for these variables in this frame of
reference:

QR T

drl,  oH, ; L \P
ia NpT __ p’va (1 — ) — (273)

df aph,  s2%m 5202



18:11 14 January 2011

Downl oaded At:

348

dpi‘,a _ aI—Ii\IpT

D. J. Keffer et al.

where we have used the chain rule for differentiation and
the facts that the peculiar and COM positions are functions

dr ariy of all of the laboratory positions,
0 m’
_ _Z O Uine 0P ol o = Plola) pi R I W (2.8)
(P} ola = Pjala) orl, jp M
= , Js ,
R, m,
— XN: aUext a(P;,o/a) . aUext aR?,a érjﬁ N MSaﬁ (28b)
a(p’ o) ar;ﬂ aRﬁ-’a ar!
9 (pﬁ « TP a) /
=/ Fim / Fext,pec / m, Fext pec 4.6# / :3ik3a[3 :CI/ 8 Slkaaﬁ
=laliotlali, aﬁjzl: k.8
mk
T i Fex,COM (2.7b) M’ Bap = (8 — Bjx) Bap (2.8¢)
MI
We have also defined new forces to simplify the
notation,
ds aI-Ig\IpT Ps
== =2 @.7¢) . ¥ U (Pl = Pl
o ap, O P = e (2.92)
’ " / — A/
dp; _ aHi\IpT / /
W B as ext,pec IWex (pif“’R“)
F, ) =7 (2.9b)
N p/ 1 3 P/2 kaT apisa
=33 Fe oy = e
3/2 3/2 M
i=1 a=1 " § oU (4 R’)
provcon _ 7o\ Ta) (2.9¢)
oR!, ’
!/
47 - OH\pr _Pla (2.7¢) The fourth step of the procedure is to identify the
dr )7 Ot a transformation from the peculiar and COM coordinates in

the mathematical frame of reference to the peculiar
and COM coordinates in the physical frame of reference.
The change of variables for the dilation variables is one of

dr a/ convenience:
B N p/ia - 3 1 P’2 :
Sy Lot w—la 100
=1 a= a'ti Ky
_§h Wi el =i @100
L 3(r o) 0la P =labla (2.10c)
N / 77'/
IUex a(Pi,/a) Ty = —22 (2.10d)
- - psetv /B Le s/ :
Z Wpola) 0a H 5 o
b= R,=R, (2.10e)
B ZN: - Pre 23: 1P P, =P, (2.100)
- 23 23 A
= = st my o st M nr=-s (2.10g)
N s
Y E Z posme o= % (2.10h)
i=1
NPa = ta (2101)

~ pseVo H /g (2.7f) {po =Ll (2.10))
oﬁé,B

/a Q/,a
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The Hamiltonian in terms of the peculiar and COM
coordinates in the physical frame of reference is

N 3
)R
m

=1 a=1

N =
l\)l'd
-
X%

HNpT =

+ (piﬁa - ij,a) + Uext (pi,ouRa)
T

Uin
f B4 set
Vz gT +kaTset In (nT)

3

Mpo kT :
Z . f 2 °I§P,a+pselvoan,a @.11)

a= nT a=1

where we have replaced the inertial masses of the
thermostat and barostat with controller frequencies (units
of Hz) that have the advantage of being system size
independent:

kaTset
vr = [——— (2.12a)
! Qs
kgT
vpa = | [e s (2.12b)
Q/,a

The fifth step of the procedure is to write the equations
of motion in terms of the peculiar and COM coordinates in
the physical frame of reference. The derivation is given in
Appendix A. The resulting equations of motion are

dgt =Bt ok (2.13a)
m _ pint | pextpee _ i . o Xt pee
dr “ =
— Tiolr + Lpa) (2.13b)
d(’:ta _ m% (2.13¢)
dd% — mpFENCOM (2.13d)
dc% = nrr (2.13e)
G e
T2 — (2.13g)

ng‘oz o 7)7‘ VP ozv(t)
dr 7]P o ka Tset

——— (Paa(t) = Pser) + fP,afr

~ G (2.13h)

where the temperature and the aa component of the
pressure tensor, p.., are defined through generalized

equipartition theorems [18] as

1 N 2

7Ti.a
T(t)—fk Z : (2.14a)

1
e 1 a Fm Fel:xt.pec ;o
Pacl) = 05 Z +Z( roa T " Op

(2.14b)

The sixth and final step of the procedure is to prove that
the equations of motion generate trajectories in the
isobaric—isothermal (NpT) ensemble. We provide the
analytical details of the proof in Appendix B using both
Nosé’s Hamiltonian method [3] and the non-Hamiltonian
method of Tuckerman et al. [11,12]. Note again that the
N — 1 independent peculiar coordinates will never be
conserved, thus, preventing any deviation due to an
additional constraint.

To conclude our derivation of the NpT equations of
motion, we present the equations when all three of the
space-dilation variables are the same. (This does not mean
that we have a cubic simulation volume, only that the
relative volume changes are the same in each dimension of
the unit cell.) In order to derive these equations, we can
repeat the six-step procedure outlined above. When the
derivation is complete, we have the following equations of
motion:

dﬁ;a - 7Tm 4 pialp (2.15a)
dg;a F‘m i Fext pec % ‘Nl F;ﬁ,pec
=

= Tiallr + {p) (2.156)

% — % (2.15¢)

dg'ta = qpFeX.COM (2.15d)

% =nrlr (2.15¢)
i) e

ddg = nplp (2.15g)

dep _ i V(0
dr n%ka Tser

where

(P() = psed) + Lplr — & (2.15h)

1 3
p(t) = ga; Paal?) (2.16)

At this point, it is appropriate to point out several
features of this generalized NpT algorithm. It reduces to
our previous generalized NVT algorithm in the absence of
a barostat, i.e. when (7, = 1 and when £, = 0 [4,5]. It is
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equivalent to Nosé’s NpT algorithm [7] when there is no
COM momentum and no external forces. It is equivalent to
the Nosé—Hoover NVT algorithm when there is no
barostat, no COM momentum, and no external forces
[1,2]. However, in its most general form, the algorithm is
new and different from any existing NpT algorithm. To our
knowledge, it is the only MD NpT algorithm that has been
proven to generate rigorous trajectories in the NpT
ensemble in the presence of (i) non-zero COM momentum
and (ii) non-negligible external forces. The only way for
the thermostat to become active is if the instantaneous
temperature is not equal to the set temperature. Likewise,
the only way for the barostat to become active is if the
instantaneous pressure is not equal to the set pressure. The
additional terms in the barostat account for the fact that
once active (i.e. £, # 0), there are additional contributions
to the barostat momentum evolution necessary to maintain
a consistent connection to Hamiltonian mechanics.

3. Numerical examples

In this section, we present the results of six simulations.
In the first three, we used the equations of motion given by
the conventional Nosé NpT algorithm [7]. In the second
three simulations, we used the equations of motion given
by the generalized algorithm, as presented in equation
(2.15). For each algorithm, we explore three cases: (i) zero
total linear momentum and no external forces, (ii) non-
zero total linear momentum and no external forces, (iii)
zero initial total linear momentum and an external force.
Our results show that both the original and generalized
algorithm generate the same results for case (i), in which
both algorithms are equivalent. However, only the
generalized algorithm generates the same results for
cases (ii) and (iii).

We performed EMD simulations of 1000 Lennard—
Jones particles (o= 3.822 A, elkg = 137.0 K, molecular

weight = 16.042) at a molar volume of 392.62 A3/mol-
ecule and a temperature of 350 K. The timestep was 2 fs
and, after equilibration, data was collected for 0.2 ns. The
thermostat frequency was 107> fs~'. A -RESPA scheme
was implemented using the Liouville operator formalism
as described by Tuckerman et al. [19] For case (ii), in
which we had a non-zero total linear momentum, the
system translated at a uniform velocity of 10Afs™!. For
case (iii), we inserted a “super gravity” external force, of
the form —m;g*, with acceleration 9.81 X 103 Afs 2.
We used a large value of g* to demonstrate clearly the
effect of an external force on the simulation trajectory.

In figure 1, we present the average temperature,
pressure and self-diffusivity of the six simulations. The
temperature is normalized by the set temperature, 350 K.
The pressure is normalized by the value taken from the
Lennard—Jones equation of state [20], which should
describe this state point accurately. The self-diffusivity is
normalized by the average of the self-diffusivity
calculated from case (i) for both the original and
generalized algorithms.

First, from figure 1, we see that both the original and the
generalized algorithms yield reasonable results for case
(i), as they should. We also see that the presence of a
uniform translation (case (ii)) or a uniform acceleration
(case (iii)) does not affect the thermodynamic state of the
simulated system, when one uses the generalized
algorithm, as indicated by the fact that we obtain the
same thermodynamic and transport properties in all three
cases. The conventional algorithm fails in cases (ii) and
(iii). In case (ii), the conventional algorithm defines a
temperature based on the kinetic energy. Since, this kinetic
energy contains uniform translation, the actual “true”
temperature of the simulation is something else. As a
result, all of the other calculated properties are incorrect.
In case (iii), the thermostat tries to slow the effect of the
uniform acceleration of the system, resulting in clearly
aphysical behavior.

2.0
Otemperature
181 Opressure
B self diffusivity
1.6
NpT
1471 case 1: zero net momentum, no external force
case 2: non-zero net momentum, no external force
121 case 3: zero net momentum, external force
I I I I [EL] —I
1.0 T I T T
0.81
0.6
0.4 T T T T T
general 1 general 2 general 3 conventional 1 conventional 2 conventional 3

Figure 1. Comparison of conventional and generalized NpT algorithms for three cases.
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4. Discussion

It is useful at this point to provide a brief discussion of
the relationship between this new NpT algorithm and
other NpT algorithms in the literature. There are
numerous NpT algorithms, including that of Hoover
[2], Melchionna et al. [15] and Martyna et al. [16]. In
2001, Tuckerman et al. published a comparison of these
three NpT algorithms [12] using non-Hamiltonian
criteria for rigor. They conclude that only the algorithm
of Martyna et al. the so-called MTK NpT algorithm,
rigorously generates trajectories in the NpT ensemble in
either the presence or absence of external forces. The
MTK algorithm as originally derived and presented in
reference [16] is not necessarily rigorous in the presence
of non-zero system momentum or external forces. The
MTK with a single Nosé—Hoover thermostat reduces to
the Nosé—Hoover NVT algorithm in the absence of the
barostat. Since it is well established, that the Nosé—
Hoover NVT is not rigorous in the presence of non-zero
total momentum or external forces [3], the MTK
algorithm with a single thermostat is likewise not
rigorous under those conditions. In the original MTK
NpT paper, they do suggest that a chain of Nosé-
Hoover thermostats [21] be used to overcome problems
associated with a non-zero total momentum without an
external force. In Tuckerman’s subsequent analysis [12],
the MTK algorithm is presented with Nosé—Hoover
chain of thermostats. Tuckerman et al. state that the use
of Nosé—Hoover chains can modify the distribution so
that one obtains correct distributions, despite the fact
that the COM momentum is thermostatted [12]. In this
work, we showed that the root of the inability of the
conventional Nosé NVT or NpT algorithms to work in
the presence of non-zero system momentum or external
forces was due to the application of the thermostat and
barostat to the COM coordinates. At this time, it iS not
clear to us how the use of a Nosé—Hoover chain of
thermostats allows one to thermostat COM degrees of
freedom and obtain rigorous trajectories.

In this work, we have not employed any kind of chain
thermostat. As a result, we have shown that chain
thermostats are not necessary to obtain rigorous
trajectories in either the NVT or the NpT ensembles. We
feel that there are some practical advantages with the
algorithm outlined here. First, the new NpT algorithm has
a Hamiltonian and the behavior of the system is entirely
due to Hamiltonian mechanics. Therefore, we maintain a
strong connection to Hamiltonian-based statistical mech-
anics. Second, the nature of our solution—namely the
thermostatting and barostatting of only the peculiar
degrees of freedom—is a very natural and logical way to
avoid the historical problems associated with non-zero
system momentum and external forces. Third, we have
explicitly separated the internal and external forces in our
algorithm, making it very clear how each term contributes.
Fourth, we have an unambiguous definition of the
temperature and pressure of the system in equation

based on peculiar coordinates (2.14). These features make
this new algorithm not only rigorous but unambiguous in
its application.

5. Conclusions

In this work, we have used a Hamiltonian-based procedure
to generalize the Nosé NpT algorithm so that it is capable
of rigorously generating trajectories in the NpT ensemble
in the presence of either (i) a non-zero total system
momentum or (ii) non-negligible external forces. We have
proven that the generalized algorithm is rigorous in a
statistical mechanical sense using the two criteria that
exist in the literature, namely the Hamiltonian-based
criterion of Nosé [1] and the non-Hamiltonian criterion of
Tuckerman et al. [12,13]. We have provided a numerical
example, which clearly illustrates that the generalized
algorithm generates correct thermodynamic and transport
properties regardless of whether the two constraints listed
above are satisfied.

This Hamiltonian-based procedure has now been
successfully used to (i) generalize the SLLOD algorithm
to maintain rigor in NEMD simulation of arbitrary
homogeoneous flows [10,11], (ii) to generalize the Nosé -
Hoover thermostat [4,5], and to generalize the Nosé NpT
algorithm. We believe that this Hamiltonian-based
procedure has creative potential to develop new simulation
algorithms of systems previously inaccessible to MD.
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Appendix A

In this appendix, we derive the equations of motion for the
NpT ensemble in terms of the peculiar and COM
coordinates in the physical frame of reference. Using
equation (2.10a), we can write the time derivative of
property ¢ in terms of our transformed time as
dg dgdf  dq

a drdr Car

As a result, equation (2.7) can be written in terms of the
new time as

(A.1)

PP P (A.2a)

a

driy _ drle P +( _L> P,
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dpi,  dpi,
=39S

dt dr
— int ext,pec
= 5laFy + 5CaF g

_ S/ 7ZFextpec

ds _ d? oPs
dr dt/ QY

l Fexl COM (A2b)

(A.2¢)

dps  dps

g3
dt dr
N 3

/2 3 2
pi7a 1 - Pla
= ZZ 22 ml a $2/2 Z; M — fkpTser (A2d)

=1 a=1

Vo _ o pra
a Var ° 0/«

(A.2e)

N 3 /2 N

d /,a pla : i
= e S

i=1 a=1 a i a=1 i=1

3
+ SZ Fext pecpi o SPsetVOH /B (A.2f)

£

Next, we differentiate equation (2.10) and substitute
into it equations (2.1) and (2.2) to obtain

dpi,a d/ap i}a

dr dr

dri, dR d/,
= /a< o —“) +l - R)TE (A3

dt dt

d7T,"a _ d(s/m)

dr dr

_ 1 (dpi _midP,
st \ dt M dr

1 ,onl ds
. (P '’ > @

1 , ' dZ.
el e i A.3b
S/i (pz,a M/ a) dr ( )

drR, dR. 1 <. ,dr,
=—a— Nk (A.3¢)

dr d M~ "' dt

dar, dP. L dpl,

— == : A.3d
dr dt — dr ( )
d‘)’]T ds
A.
dr dr (A-3e)
1
ar_ 1, (a3

dr  Q, dt

an‘a d/oz

= A3
dr dr (A-3g)
ng.a_i 1 dp/,a [& 1 Q
dt  /4Qa dt Lo Oradt
SP/ .« 1 /a
-5 _ A.3h
2 Qrade (A-3h)

We substitute equation (A.2) into equation (A.3):

dpi a pi a 1 Pl Pl
= - : A4
dt  slami  sloaM (o = RS Or.a (A
dm; ' m, &
i, — Fl»m F§xt,pec _ M Ff;xt.,pec
dt i,a + i,a M - Ja
j=1
1 m' Ds
—ipr )£
S/ (pla M a) Qs
1 / m Pl
——(p ——p! A.4b
L) ww
dR, dR’ P’
@ &t w (Adc)
dp, dP
PR SFECOM (A4d)
d s
% g (A.4e)
2 2
dzr 1 [(E& P P,
A PITTTEER Ses s
(A.4f)
d KoY /o
Z:’ =sg/ (A4dg)
d(P,a B 82 N 3 3 1 Pli
a 2 Q/a 2; s2/2 ; s2E M
p/ @ ps
sel V 2
P H B) / Ql a Q_)
o 1
o Splz.,a P{ a (A4h)
Z Q/a Or.a

Next we substitute equation (2.10) into equation (A.4):

d (N3 T«
Pra _ x| b alpa (A.52)
dt ni;
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;] N

S R -
— Tio(lr + {pa) (A.5b)
dclfta = nr% (A.5¢)
dd% = mrFgH oM (A.5d)
d% = nrlr (A.5e)
% = fkaset (ﬁ; ail W’g’i“ —kaTset> (A.5f)
% = Np,alPa (A.52)

dlpo _ M Vha
dr ﬂ%7aka Tset

3
+Z Fexl P — psetVOH /5>
B=1

+palr = G (A.5h)

These are the equations of motion in terms of the
peculiar and COM coordinates for the physical system.
They can be further simplified by identifying the
temperature as

N 3 2

T(t)— 1 ZZW’“ (A.6)

B =T a=1

and the e component of the pressure tensor, p ., as

ext,pec
ia + F[_’a )pia

Punlt) = 1 Z
(A7)
The system volume is again
3
V() = VQH /g (A.8)
B=1

so that the equation of motion for the momenta of the
barostat and thermostat are

dr _ L (T®)
o VT<TSCI 1) (A.92)

and
ddp.o 777 VP M4U)
— = aa(t) = Pset)
A fheTe Pee® TP
+ lpalr — G (A.9b)
Appendix B

In this appendix, we prove that the Hamiltonian of the
extended system proposed in this work for the NpT case
generates the correct NpT ensemble using the two criteria
that exist in the literature, namely, the Hamiltonian-based
criterion of Nosé [1] and the non-Hamiltonian criterion of
Tuckerman et al. [12,13]. We first present the proof that
the generalized algorithm satisfies the criterion of Nosé
[1]. For a direct comparison with the standard form of the
NpT ensemble in statistical mechanics, here we will use
volume Vof system instead of the space-dilation variable /
for each direction.

The Hamiltonian, which corresponds to equation (2.6),
in terms of the laboratory coordinates in the dilated frame
of reference is given by

N 72
! — P, 1/D J !

1 P/2 p2
(1= 555 ) 50 +22
s2V2D J oM 20,

+kaTselln(s)+ Q + DsetV (B.1)

Here, we employ more flexibility in dimensionality of
our frame of reference, as denoted by D. The above
Hamiltonian is conserved during the evolution of our
physical system. Thus, the partition function for the
extended system is written as

1
Zhor = ﬁJdel JdNr’ Jdps J ds Jdpv JdVS
N pllz N - 1 P/2
; 2mls2V2/P s2V2/D ) om!

2
+U(V'/Pp R +2”—é + FhpToeIn (5)

+ +psetV — E

2Q (B.2)

where we used a shortened notation dVp' = dp/dp5. . .dp)y
and d"r = dr)dr}...dr). From the following relations
between the laboratory coordinates and peculiar coordinates
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in the mathematical frame of reference,

! 1 X /1.J
R = (> nir] (B.3)

it is seen that dp’ = dV~!'%/dP’ and d"r' = ¢;dV " 'p/dR/,
where ¢ is a constant that depends on the mass of the
particles. Then, the partition function can be written as

Zyor = Jd"’ : JdP’Jd’V : ’JdR’JdpSst

= o’ P2 l/D/ /
JdeJdVS ZiZm’ sy Fagp UV PP R)

PJ
2Qs

+fkpTsetIn (s)+ 20y +psetv E] (B.4)

Now let us make a proper transformation from the
mathematical variables to the physical variables as
follows: ;= *n';/sVI/D, P=P, p;= Vl/Dpé and
R =R/, m; =m; and M = M'. From these relations, it is
found that d¥~!'w/d¥ " !p/ = sPN D@V~ 1mzdN~1p. There-
fore, the partition function in terms of the physical
variables can be expressed as

c — —
Znpr =ﬁ1!JdN ledPJdN IdeRJdprds

N /2
Jdpv JdvsDW*l)a [Z R)

P

20

+ psetV — E

+f kg Tser In (s) + Q (B.5)

Now if we perform the integration over s in equation
(B.5) using a o&-function property, O[G(s)] = Zké
[s — s¢1/1dG(s)/ds|, where s, are all the zeroes satisfying
G(s) = 0, then equation (B.5) becomes

/ €1 N-1 N-1
Zor=rrara) [0 [aR [an far fav

2 2
— 1 (DDt N2y L _
Xe ksrm( 7 ) [Z,_lzm it U(P Rt tap,+peeV E} (B.6)

If we set f=D(N — 1)+ 1 and perform the inte-
grations over both p, and py; we finally find

Znpt = CJdN_lﬂJdPJdN_ldeRJdpv

J dv e_m |:Z,'— 2m; +0M+U(P R)+pset le (B 7a)
where
C
€= I\II‘ka set \/2ﬁQ6kB Tset \/2ﬁkaB TSCt eE/kB Tser
(B.7b)

Beyond a constant, equation (B.7a) represents the well-
known NpT ensemble in statistical mechanics. Further-
more, it is seen that in the absence of external forces,
where the total linear momentum of the system, P, is
conserved, the constraint on equation (B.7a) will result in
the (N — 1)pT ensemble.

We can also verify the above results using the non-
Hamiltonian approach developed by Tuckerman et al.
[12,13]. In this approach, we start directly from the
equations of motion and a conserved quantity in terms of
the physical variables. Following the same procedure
described in Section 2, the equations of motion from the
Hamiltonian in equation (B.1) are found to be

dp;
P T it (B.8a)
dr m;

N
d’n'i _ Fim + F?xt,pec _ @j :Ff:xt,pec
M 4 J

dt

—wi({r+ &) (B.8b)

dR P
=y (B.8¢)
% = qpFexCOM (B.8d)
% = nrdr (B.8e)
C:: =DV{, (B.8g)
% = Q;’—L%)V(p(t) — pee) + &rly — DG (B.8h)

where use has been made of a similar transformation to
equation (2.10): m; = ml, p; = y /D L o= ﬂ';/svl/D,
R=R, P=P, gy =5 {r=p/Os and {, =spy/
DVQy. The conserved quantity is the Hamiltonian defined
in equation (B.1), which in terms of the physical variables
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is written as

Hypr = Z 5 + U(p,R) + %a

+ fkpT et In () +

&DZ‘/Z )

2 2

According to the non-Hamiltonian approach, the
partition function is now written as

L[ o -
szT:deN ‘q-rJdPJdN ‘deRderJdnr

Jd{,, JdVﬁ(HNpT —E)g (B.10)
where /g = 1 /J and the variation of the Jacobian, J, with

time is determined by dJ/dt=JV-&. Using equation
(B.8), the divergence V-x is found to be

it 9 9
Vi = —pi+— 9 rRelp

aﬂ agT agp
anr  alr 0y
—[DWN = 1) = 2]{r — D¢, (B.11)

from which the Jacobian and ,/g are found to be

_ —1)— - 1 - -
J = o~ [DV=D=2]In(n) an:VnT[D(N D=2 (B.12a)

Jg = VP& =h=3 (B.12b)

Substituting equations (B.9) and (B.12b) into equation
(B.10), we find

1
ZnpT zﬁJdelﬁJdPJdN*deRJdgTJdnT

Jdgpjdvv DIN=D=2 51 22 —i—U(p,R)

4= Qs §T ot QV

11 _ _
ZMQVDJdN lﬁJdPJdN ‘deRJdéTJdnT

P?
[ Javpo=r- ‘6[22 S UGR)

Os »

2
+—= §T +ﬂCBTset 111(77T)+ +psetV E] (B13)

20y

In the second equality of equation (B.13), we have used
the relation dnrdVdZ, = (nr)/(QvDV)dnrdVdpy. Inte-
grating over 7z and using again the oé-function proper-
ty,8[G(s)] = >, 8[s — s¢]1/|dG(s)/ds|, equation (B.13)

becomes

1 1 1
N! QVkaB Tset

JdN’ledPJdN’ldeRJdedeJdV

__ 1 (pw-1p iop2 02, Py _ B.14
Xe (2 )[Z 12m+ UGRS3+ PV E} ( )

Znpr=

By setting f = D(N — 1) and integrating over {rand py,
we finally find

Znpt = chN_lﬁJdPJdN_ldeRJdpv

J ave (L Evemaa| (g5

where

1 1
N' QSQVkaB Tset

\/27TQ kB TQC[ \/27TkaB Tﬂel eE/kB T
(B.15b)

Beyond a slight difference in the constant ¢, which is of
no importance, equation (B.15a) is the same as equation
(B.7a). That is, according to the non-Hamiltonian
approach, the equations of motion derived from the
Hamiltonian proposed in this work are proven to generate
the correct NpT ensemble. As in the NVT case of [4], we
again see due to the difference between the virtual and the
real time sampling that while f is set equal to
DN — 1)+ 1 in the first method, f is set equal to
D(N — 1) in the non-Hamiltonian approach.
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